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QUANTITATIVE ESTIMATES OF UNIQUE CONTINUATION
FOR PARABOLIC EQUATIONS AND INVERSE
INITIAL-BOUNDARY VALUE PROBLEMS
WITH UNKNOWN BOUNDARIES

B. CANUTO, E. ROSSET, AND S. VESSELLA

ABSTRACT. In this paper we obtain quantitative estimates of strong unique
continuation for solutions to parabolic equations. We apply these results to
prove stability estimates of logarithmic type for an inverse problem consisting
in the determination of unknown portions of the boundary of a domain
in R™, from the knowledge of overdetermined boundary data for parabolic
boundary value problems.

1. INTRODUCTION

In this paper we prove quantitative estimates of strong unique continuation for
solutions to the parabolic equation

(1.1) ug(x, t) — div(k(z)Vu(z,t)) =0, in Q x (0,7,

where T is a positive number, 2 is a bounded domain in R”, n > 3, with suf-
ficiently smooth boundary, r(x) = {ri;(x)}}';_; is a Lipschitz continuous matrix
valued function satisfying a uniform ellipticity condition in © (see Part I, below).
These estimates provide the main tools we use to obtain stability estimates for an
inverse initial-boundary value problem concerning the determination of unknown
boundaries (see Part II, below).

Part 1T (Quantitative Estimates of Unique Continuation for Parabolic Equations).
We prove the following kinds of quantitative estimates of strong unique continuation
for solutions to the parabolic equation (1.1):

a) Three spheres inequalities in the interior on the characteristic planes ¢t = ¢,
that is, roughly speaking,
lug(cR/r

u to)llrz(a,) < C||U(',t0)||L2(A,,,))

17%
(s t0)ll L2 (A (07)):

for every to € (0,7/2) and r < p < R, where A, denotes the open ball of
radius s and center at 0 in R™. See Theorems 3.1.1 and 3.1.1" for a precise
statement. The above inequality implies strong unique continuation on the
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characteristic planes t = to (see Corollary 3.1.7) and three cylinders inequal-
ities in the interior (see Theorems 3.1.1 and 3.1.1').

b) Three spheres inequalities at the boundary on the characteristic planes t = ¢
and three cylinders inequalities at the boundary (see Theorems 3.2.1 and
3.2.1).

c¢) Stability estimates of continuation from Cauchy data on time-like surfaces
(see Theorem 3.3.1).

d) Stability estimates of continuation from the interior (see Proposition 5.5).

The main tool which we use to derive all of these estimates is the so-called elliptic
continuation of solutions to parabolic equations [Lan-0], which can be traced back
to the pioneering work by Yamabe [Y], who introduced this technique in 1959 to
prove weak unique continuation properties for solutions to (1.1), when x € C® (see
also [IEY]).

Roughly speaking, the above mentioned elliptic continuation technique consists
in the following idea: fixing tg € (0,T), a solution u(x,t) to the parabolic equation
(1.1) can be continued for values of y, with |y| < ¢, in such a way that u(x,to,y)
satisfies an elliptic equation in x and y. In this way, many properties of solutions
of elliptic equations can be transferred to solutions of parabolic equations.

This technique was used again for parabolic equations of order 2m by Landis and
Oleinik [Lan-O] in 1974, to prove three spheres inequalities on the characteristic
planes and strong unique continuation for solutions to (1.1) on these planes, under
very strong regularity assumptions on , and, more recently, by Lin [Li] in 1990,
to prove strong unique continuation for solutions to (1.1), assuming k Lipschitz
continuous.

We exploit the above described elliptic continuation technique and quantitative
estimates of strong unique continuation in the interior for elliptic equation (see
[Lan], [GL], [K]) to find estimates of type a).

Assuming that the boundary 0 is of class C1'!, we prove estimates of type b),
by combining estimates of type a) with flattening of the boundary and reflection of
the solution, elaborating on arguments contained in [AE].

In the elliptic continuation technique, analyticity properties with respect to y of
solutions to the elliptic equation

(1.2) div(k(z)Vw(z,y)) + wyy(z,y) =0,

which is associated to (1.1) in the way described above, are used. We obtain these
properties and the relative bounds on the derivatives of any order with respect to
y by adapting to (1.2) the Morrey-Nirenberg technique (see [M]). Furthermore,
we need to find some stability estimates of continuation from Cauchy data on
the plane y = 0 for solutions to (1.2). We succeed in obtaining these estimates
by exploiting hyperbolic continuation for solutions to (1.2), energy estimates and
analytic continuation estimates.

Concerning estimates of type c), we recall that in [[s1] and in [P] estimates of
this kind are proved when x € C1, see also [LavRS| (in the quoted papers x may
also depend on t). When « only depends on z, we obtain the required estimates
assuming that & is merely Lipschitz continuous, by using an extension in H? of the
Cauchy data and the three spheres inequalities in the interior.

To obtain estimates of type d) we again combine estimates of type a) with the
arguments used to prove Proposition 4.3 in [AIBRV].
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Part II (Determining Boundaries in Inverse Conduction Problems). We deal with
an inverse problem which arises in thermal imaging. This is a technique of non-
destructive testing, to detect unknown corroded portions of the boundary or cavities
in material objects, by measurements of temperature on an accessible portion of
the surface. We refer to [BryCl], [BryC2] and references therein for more details
and applications. More precisely, let 2 be a bounded domain in R™ with sufficiently
smooth boundary 02, and let us assume that an insulated portion I of 92 is not
known. The thermal imaging technique consists in giving a heat flux input on an
accessible portion A of 92 and measuring the temperature on A. Let us assume
that x(z) = {xi(z)}};=; is the known symmetric thermal conductivity matrix,
satisfying a uniform ellipticity condition, that f is a known function on €2 and that
¢ is a nontrivial function on 9Q x (0, T") such that suppg C A. Then the temperature
u in §2 satisfies the following initial-boundary value problem of Neumann type:

(1.3a) ug(x,t) — div(k(x)Vu(z,t)) =0, in Q x (0,77,
(1.3b) u=f, onQx{0},
(1.3c) kVu-v =g, ondfdx][0,T],

where v denotes the outer unit normal to 2. It is well known that (1.3) has a
unique solution.

Given an open subset X of the boundary of €2 which is contained in A, we consider
the inverse problem of determining I from the knowledge of w on ¥ x [0, 7.

We recall that uniqueness results for this problem have been proved by Isakov
in [[s2] when f = 0, x also depends on ¢, and other terms of lower order appear
in equation (1.3a). In [BryCI] Bryan and Caudill gave a counterexample showing
that uniqueness may fail when f % 0.

Let us also recall that in [C] the problem of determining I from infinitely many
measurements at a given time tg is studied.

In this paper we are mainly interested in studying the stability, that is, the
continuous dependence of I on the Cauchy data u, kVu - v on ¥ x [0,T].

There is clear evidence that this inverse problem is severely ill-posed. In fact,
in order to determine the unknown boundary I it seems necessary to determine
the interior values of u from the Cauchy data on ¥ x (0,7) up to I. Therefore it
is reasonable to expect a weak rate of stability under a priori information on the
unknown boundary portion I.

In 1997 Vessella ([V]) considered the case in which x = Id, the temperature is
prescribed and the heat flux is measured. He proved logarithmic stability estimates,
assuming that the prescribed temperature on 92 is monotone with respect to time,
by using analytic continuation techniques and properties of solutions to parabolic
equations of constant sign.

Here, we prove logarithmic stability estimates under some a priori information
on the domain, on I and on the oscillation character of g. The proof of the stability
result has the same structure as that in [AIBRV], and consists of two main steps.
As a first step, we prove a rough estimate for the Hausdorfl distance between the
domains 1, s corresponding to the solutions ui, us whose boundary measure-
ments are known with error, by using the estimates of type a)-d) described in Part
I of this Introduction. As a second step, we employ in a more refined way the
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above mentioned estimates and a geometric lemma (Proposition 5.6), which has
been proved in [AIBRV], obtaining the logarithmic stability estimate.

Indeed, in the elliptic case, counterexamples by Alessandrini [Al] and Alessan-
drini and Rondi [AIR] show that logarithmic stability is best possible. This suggests
that also in the parabolic case stability estimates better than logarithmic cannot
be expected.

An interesting open problem is to find logarithmic stability estimates in the
case in which k depends also on t. In fact, in this general case some estimates of
unique continuation are available (see [Is1], [LeP], [P], [LavRS]), but neither three
spheres inequalities on the characteristic planes at the boundary nor three cylinders
inequalities at the boundary are known. On the other side, these estimates at the
boundary are the main tools we use in the proof of our stability result.

Connected to the inverse problem presented above is the question of unique-
ness and stability when more general boundary conditions are prescribed on the
unknown portion of the boundary, like, for instance,

kVu-v+au=0, ondQx][0,T],

where o > 0 is a known function.

The plan of the paper is as follows.

In Section 2 we introduce some notation and definitions.

In Section 3, which we have subdivided into three subsections, we prove some
quantitative estimates of strong unique continuation for solutions to (1.1), namely:
three spheres inequalities in the interior (Theorem 3.1.1 and Theorem 3.1.17), strong
unique continuation on characteristic planes (Corollary 3.1.7), three spheres in-
equalities at the boundary (Theorem 3.2.1 and Theorem 3.2.1"), stability estimates
of continuation from Cauchy data on time-like surfaces (Theorem 3.3.1), and the
stability estimates of continuation from Cauchy data on the plane y = 0 for solu-
tions to (1.2) (Proposition 3.1.4).

In Section 4 we state the stability result for the inverse problem described in
Part IT (Theorem 4.1).

Section 5 contains the proof of Theorem 4.1, which is obtained through a se-
quence of Propositions. In particular, Proposition 5.5 provides estimates of type
d).

Section 6 contains the proof of Propositions 5.1-5.5.

Finally, in Appendix A we have collected some interpolation and traces inequal-
ities which we use throughout the paper.

2. NOTATION AND DEFINITIONS

Let us introduce some notation.

We shall fix the space dimension n > 3 throughout the paper. Therefore we shall
omit the dependence of the various quantities on n.

We shall use the letter ¢ to denote absolute constants, and the letters C, C to
denote constants depending on some a priori data. The value of the constants may
change from line to line, but we have specified their dependence everywhere they
appear.

We shall identify R? and C.

We shall denote by B,(a) (Ar(a), AlL(a), D,(a), respectively) the open ball in
R+ (R™, R*~! C respectively) centered at a, of radius r. Sometimes we shall
write for brevity B, A,, Al D, instead of B,.(0), A,.(0), AL(0), D.,.(0), respectively.
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We shall denote B;f = {(z1,...,2n,y) € By st. y > 0}, Af = {(z1,...,2,) €
A, st x, > 0}. When dealing with n 4 1 variables (z, ), where = (z1, ..., &),
we shall denote V = V,,, div = div,, D? = D2. Sometimes, for brevity, we shall

. . k . . 2
write 85u instead of 277,:, uy instead of % and u,, instead of 2715.
Given an open set {2 C R™ and r > 0, we shall denote

Q, = {z € Q s.t. dist(x,00) > r}.

When representing a boundary locally as a graph, it will be convenient to use the
following notation. For every z € R™ we shall set z = (2/,x,,), where 2’ € R" 1,
T, € R.

Definition 2.1. Let €2 be a bounded domain in R™. We shall say that a portion
S of 0 is of class CV'! with constants Ry, E > 0, if, for any P € S, there exists a
rigid transformation of coordinates under which we have P =0 and

an ARO = {(E S ARO s.t. x, > (p(x/)h
where ¢ is a C'! function on Al C R"™! satisfying
©(0) = [Vp(0)] =0
and
H(PHCLl(A/RO) < ERy.

Definition 2.2. Let 2 be a bounded domain in R™. We shall say that a portion .S
of 02 is of Lipschitz class with constants Rg, E > 0, if, for any P € S, there exists
a rigid transformation of coordinates under which we have P = 0 and

an ARO = {J) S ARO s.t. T, > (p(q:')}7
where ¢ is a Lipschitz continuous function on A%~ C R™! satisfying
©(0) =0
and
||90||co,1(ArR0) < ERy.

Remark 2.1. We have chosen to normalize all norms in such a way that their terms
are dimensionally homogeneous, and coincide with the standard definition when
Ry =1and T = 1. For instance, for any ¢ € CT' (A%, ), we set

_ 211 2
ellons(ay ) = Ielim(ag ) + FolVelm g ) + BEID% 0l a )
and, for any ¢ € CO'(Af, ), we set
lellcor(ar, ) = lellie(ay, ) + Bolelag, -
Similarly, for any v € H>1(2 x (0,T)), we set

||u||§{2,1(QX(0,T)) = / (u2 + R(2)|Vu|2 + R3|D2u|2 + T2ut2) dl’dt,
Qx(0,T)

and so on for boundary and trace norms such as || - || gs/2.3/4(57), | [|a1/2.1/2(5,)5
where we denote

Sp =09 x (0, 7).
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3. QUANTITATIVE ESTIMATES OF STRONG UNIQUE CONTINUATION

We subdivide this section into three subsections.

In Subsection 3.1 we exploit the elliptic continuation technique to obtain three
spheres inequalities in the interior and strong unique continuation on characteristic
planes. First, we prove a form of the three spheres inequality in the interior suitable
for the applications of Section 4, under the additional assumption that the solution
vanishes at time ¢ = 0 (Theorem 3.1.1). Next, by a slight modification of the proof of
Theorem 3.1.1, we prove the three spheres inequality in the interior also for solutions
taking general initial data (Theorem 3.1.1"). As a consequence of Theorem 3.1.17,
we derive strong unique continuation on characteristic planes (Corollary 3.1.7).

In Subsection 3.2, we prove the three spheres inequality at the boundary for
solutions taking zero initial values (Theorem 3.2.1) and for solutions taking general
initial values (Theorem 3.2.1").

In Subsection 3.3 we prove a stability result for the Cauchy problem for parabolic
equations on time-like surfaces (Theorem 3.3.1).

Subsection 3.1 (Three Spheres Inequalities and Three Cylinders Inequal-
ities in the Interior). We are given positive constants T', Ry, R, A, A1, A and
A4, satisfying A > 1, Ay > 1, 2R < Ry.

Let us denote by cp the absolute constant from the following Poincaré inequality:

fA(x)dx < CPRQ/ |V f(z)|>dz, for every f € Hy(Asgr),

A2Rr Asgr

where we recall that cp < 4 (see [GT]) and that cp = ki%, where ko is the smallest
positive root of the Bessel function of first kind Jx_2 (see [CH]).

Let x(x) be a given function from Agg, with values n x n symmetric matrices,
satisfying the following conditions:
(3.1.1a)

AHER < k(x)E-€ < NE?, for every o € Agg and € € R™,  (ellipticity)

(3.1.1b)
A
|k(z) — k(y)| < R—|a: —y|, forevery z,y € Agr. (Lipschitz continuity)
0

Let b(x) be a given function from Asp satisfying the following conditions:

(3.1.2a) /\1_1 < b(x) < A1, for every x € Agp,
Ay
(3.1.2b) |b(x) — by)| < R—|x —y|, for every z,y € Agp.
0
Let
(3.1.3) A2 = max{A, A1},
(3.1.4) Aoy = max{A, A}

Let u(z,t) € H*'(Azg x (0,T)) be a solution to the parabolic equation
(3.1.5a) b(x)ui(z,t) — div(k(z)Vu(z,t)) =0, in Agg x (0,7,
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satisfying

(3.1.5Db) u(-,0) =0, on Agg x {0},

and let

(3.1.6) H = sup ||'U/(';t)||H1(AZR)7
te[0,T]

where

s = [ (3Ge0) + R Vu(e. 0 do.
Asgr
Theorem 3.1.1. (Three Spheres Inequalities and Three Cylinders Inequalities in

the Interior). Let u € H*'(Aggr x (0,T)) be a solution to (3.1.5) and let (3.1.1) and
(3.1.2) be satisfied. For every ri, ro, r3 with 0 < 11 < ry < (4max{v/2, \o}) 113

<rz3 <OR, we have
/ u?(z, to)dx
A

T2

(3.1.7a)

C 2 1-3+' By
~ r3 T3 T 2 2 T
< — 1+— | H to)d. t —
S <7~2) (< +R4> > (/Au (2, to) x> o€ (0.2),
/ / (z, t)dzdt
(3.1.7b)

C 2 1-8v'
~ T3 T3 T 2 /
<C — T|1+—=— | H
BRRC S (7’2> ( ( i 34) ) ( 0

By
/ (z,t) dmdt) ,

T
2

where
1, _73

3.1.8 ' log (4 + 587
(3.1.8a) v—l - Clog D

0g (5 + 2)\27“ ) + 0g ary

4hg — 2 1
.1.8b !
(3.1.8b) Iy v Ly v S
3

(3.1.8¢)

B 4\/_67T>\2’
B3,0< B <1, depends on Ay only, 0,0<6 <1, and C depend on Ay and Ay only
and C depends on A2, Ay and 0 only.

Remark 3.1.2. i) Here, we study the more general equation (3.1.5a) instead of
(1.1), since in our proof of the three spheres inequalities at the boundary
(Theorem 3.2.1) we shall need the estimates (3.1.7) for solutions to equations
of the form (3.1.5a) with a coefficient b satisfying (3.1.2).

il) Actually, a more correct terminology for inequality (3.1.7a) should be two
spheres and one cylinder inequality (see the definition (3.1.6) of H), but we
call it three spheres inequality for historical reasons (see [Lan-O]).
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iii) We have expressed the three cylinders inequality (3.1.7b) in terms of the
L% — L% norm over the cylinder Aag x (0,7T) (see the definition (3.1.6) of H).
Let us notice, however, that also a more symmetric inequality, involving the
L? norm over Aag x (0,T), could be derived similarly.

In order to prove Theorem 3.1.1, we prove some preliminary lemmas concerning
the technique of elliptic continuation (see also [Li]) and a stability estimate of
continuation from Cauchy data on the plane y = 0 for solutions to the elliptic
equation (1.2) (Proposition 3.1.4).

Let us start by fixing ¢y € (0,7) and by considering the weak solution @ to the
following initial-boundary value parabolic problem:

(3.1.9a) b(x)ue(z,t) — div(k(z)Via(z,t)) =0, in Agr x (0,+00),
(3.1.9b) @ =h, ondAsg x [0,+00),
(3.1.9¢) =0, on Asp x {0},

where h is the extension by 0 of n(t)u(z,t), and where n € C2([0,1]) is a cut-off
function such that n =1 in [0,%o], n =0 in [T, +00) and [n'| < 75-.
It is evident that

’&(', to) = ’U,(',to), in AQR.

Let us denote

(3.1.10) ar = (AicpR?) 71,
T

3.1.11 = .
( ) =7
Lemma 3.1.2. Let u, @ be as above. We have
(3.1.12) (s )21 () < CCLH? exp(—2an(t —T)4),
where

2 2 R3
(3113) Cl == )\Qq (T — to + qu) .

Proof of Lemma 3.1.2. Let

v =1U—Nu,
where 7 is the cut-off function introduced above. We have that v satisfies
(3.1.14a) b(x)ve(x,t) — div(k(z)Vo(z,t)) = —=b(z)n' (t)u(z,t), in Asg x (0,T],
(3.1.14b) v=0, ondAyg x[0,T],
(3.1.14¢) v=0, on Ay x {0}.

Multiplying equation (3.1.14a) by v and integrating over Asg x [0, ¢], we obtain,
for t € [0,T1,

(3.1.15) /Am ba)o? () dz < cAygH + (Tfto) /Ot dT/AzR b2 (z, 7)dz.
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By applying the Peano-Gronwall inequality to (3.1.15), we have
(3.1.16) / b(x)v? (z,t)dr < chigeH?.
APy
Choosing t = T in (3.1.16) and recalling that v(-,T") = u(-,T), we obtain
(3.1.17) / b(x)a? (z, T)dx < chiqe® H?.
Asg

Similarly, multiplying equation (3.1.14a) by v; and integrating over Asg x [0, t], we
obtain, for ¢ € [0, T,

t
3.1.18 Vou(z,t) - Vou(z, t)de < ch)——=H?,
B118 [ K@V Vol e < o

(3.1.19) /AzR k(2)Vu(z,T) - Vu(x, T)dr < ch (T—Lto)QHz'

Let us denote by pg, with pg > pe > ... > ur > ..., the negative eigenvalues
associated to the problem

L div(k(@)Ve(@) = pp(z),  in Aon,

(3.1.20a) )

(3.1.20b) =0,  ondAgp,

and by ¢y the corresponding eigenfunctions normalized by

/ b(x)p?(x)dr = 1.

Asg

We have

(3.1.21) 0> —ap > 1> 2 > oo > g > .o

Since @ = 0 on dAgg X [T, +00), we have

o0
(3.1.22a) u(z,t) = Z B (x)er= 1) for every t > T,
k=1
where
(3.1.22b) Br = / b(x)or(z)tu(x, T)dz.
APy

Recalling (3.1.17), we have

/ b(z)a? (2, t)de = Zﬁﬁe%’“(t*ﬂ < ef2aR(t7T)/ b(x)i*(x, T)dx

2R

(3.1.23) < ehqetiH?e~20r=T) - for every t > T.

Moreover,

(3.1.24) / k(x)Vi(z,t) - Va(z, t)de = —/ b(x)u(x, t)u(x, t)de
AZR A2R

(o)
= Z |,Uk |6£e2l"k (t-T) X
k=1
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Choosing t = T in (3.1.24) and using (3.1.19), we can estimate

> T
3.1.25 2 < ed—————H?
( ) kz::1|ﬂk|ﬂk =cC 1(T_t0)2

From (3.1.24) and (3.1.25) we have

T 2
(3.1.26) R(Q)/ |Va(z,t)|*de < c)\)\liHQe*Q"R(t*T) for every t > T.

APy (T - tO)Q
From (3.1.23) and (3.1.26) we obtain
(3.1.27)
R2
||1](-,t)||%[1(A2R) < eAiAag (ecq + ﬁ) H%e=2ert=T)  for every t > T.
—to

On the other hand, from (3.1.16) and (3.1.18), recalling that 4 = v + nu, we have

2
(3.1.28)  la(-, )13 (ann) < Air2g (ecq + %) H? for every t <T,
—to

so that (3.1.12) follows from (3.1.27) and (3.1.28). O

Let us still denote by @ the extension by 0 of @ to Asg X R, and let us consider
the Fourier transform of o with respect to the variable ¢,

(3.1.29) ﬁ(m,u):/

—0o0

+oo ) +oo )
e Mz, t)dt = / e Mz, t)dt, for every u € R.
0

We have that @ satisfies

(3.1.30) b(x)ipt(z, p) — div(k(z)Vi(z, n)) =0, in Agp x R.
Lemma 3.1.3. Let u, u, @ be as above. We have
1

(3.1.31) (s 1)l L2(an) < cCrroHe  VIHN(T E),
where

R
3.1.32 0= .
( ) 4671’)\2

Proof of Lemma 3.1.3. Let us denote, for every u, £ € R, x € Asp,
vz, & p) = eV ISz, ).

For every u € R\{0}, the function v = v(-, -; u) solves the uniformly elliptic equation

82
(3.1.33) div(kVo) + ibsgn(u)a—gz =0, in Asg xR.
Let us denote a; =2 — %, for every j € {0,1,...,k}, and k € N. Moreover, let

0 if |s| > aj,

hj(s) = % (1 + cos (M)) ifaj11 <|s| <aj,

aj+1—0aj

1 if |s| < aj41,



QUANTITATIVE ESTIMATES OF UNIQUE CONTINUATION 501

and
ek
We have that v; solves the equation
. . (92’Uj .
(3.1.34) div(kVuv;) + ibsgn(p) ae2 =0, in Asg xR

Multiplying equation (3.1.34) by 17]-77?-, where

n; =mn;(x,§) = h; (%) h; (%) ,

and integrating over D; = Ay, g X (—a;R,a;R), we obtain

2 9 2
/ /@ij-V@jn?dxdf + / b % n?dxdﬁ
D, D, 3
8A\3mtkt 5 ?
(3.1.35) < —Ri / |vj|“dxdg | .
D.'I
Therefore, for every j € {0,1,...,k} we obtain
&ty | VA Aam2k? &iv|
1. - dedé < ——mMM—— —| dxd€.
(3.1.36) /Dm oeirt| £= R2 /D aci | §

By iteration of (3.1.36) for j =0, ...,k — 1, we have
o |?

k
21.2
(3.1.37) / 8—5’“ drdé < 4R (M) / QQ(x,u)dx.
ArX(—R,R) Asp

R2
Now, let us estimate the integral on the right hand side of (3.1.37). By (3.1.12), we
obtain

X oo 1
(3138 il < [ 1360l adt < cCil (T—|— E)
0
Therefore, by (3.1.37), we have that, for every yu € R\ {0} and for every k € N,
k
v 1)’ A o2k
(3.1.39) / —: dzdf < cR <T+ _) c?H? \/_17;7T .
Arx(—R,R) | 9§ ar R

For fixed p € R\ {0} and ¢ € L?(Ag,C), let us denote
F©) = [ oo g npla)ds
AR

By the interpolation inequality (A.1) and by the inequality (3.1.39) we have

cChH 1
BLa0)  FO©]< G (T4 o) @barlh + D) elzaan

By using inequality (3.1.40) for every k € N and the power series of F at any point
&o such that Refy € (—R, R), Sm& = 0, we have that the function F' can be
analitycally extended to the rectangle {¢ € C s.t. Ref € (=R, R),Smé € (—p,p)},
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where p = %. We continue to denote by F' the analytic extension of F. In
particular, choosing &, = 0, we obtain the estimate

) 1
(3141) |F(—Z(5)| < cCi H <T + E) ||50||L2(AR);
where ¢ is given by (3.1.32). On the other side, by the definition of v, we have
(3.1.42) F(—id) = / VI8 (2, 1) 3 (w)da,
AR
so that we obtain (3.1.31) from (3.1.41). O
Estimate (3.1.31) allows us to define, for z € Ag, |y| < v/26, the function

1 [t
(3.1.43) w(x,y) = Py / e'orq(z, u) cosh \/—ip ydpu,

™ — 00
where
(3.1.44) V=i = |p|z e i),

We have that w € H}
equation:

(3.1.45a)  div(k(z)Vw(z,y)) + b(x)wy, (r,y) =0, in Ag x (—v/26, +v/20),
and satisfies the following conditions:

(3.1.45b) w(z,0) = u(x,to), in Ag,

(AR x (—+/26,1/20)) is a solution to the following elliptic

(3.1.45¢) wy(z,0) =0, in Ag.

Let us notice that w is even with respect to the y variable.
Now, let us state and prove the following stability estimate for solutions to the
Cauchy problem for elliptic equations.

Proposition 3.1.4. (Stability Estimates of Continuation from Cauchy Data on
the Plane y = 0 for Solutions to (1.2)). Let L and p be positive numbers such that
0 < p<R. Let w be the solution to the following Cauchy problem:

(3.1.46a) div(k(z)Vw(z,y)) + b(z)wyy(z,y) =0, in Ay, x (—2L,2L),
(3.1.46b) w(z,0) = f(z), in Ay,

(3.1.46¢) wy(2,0) =0, in Agp,
where k satisfies (3.1.1) and b satisfies (3.1.2). Let

1 1\ 1/2 -1
(3.1.47) pL = <7re/\2 (F + ﬁ) ) ,

. P
3.1.48 = min S —— 0,
( ) P2 {m 2\5/\1}

(3.1.49) ps = 50— VAhupa).
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For every y € (—%pl, %pl) we have

/ (w2 (2, ) + [Vale, y)|?)de

P3

1-3
1
150 <0 (loliannanam + IV s, ) IV, 0

1

where B, 0 < B < 1, depends on A2 only and C depends on Ao and Lp™" only.

Proof of Proposition 3.1.4 (Preparation). We preface the proof with two auxiliary

steps.
Step 1. The power series
= OFw P
3.1.51 0=
( ) kz:;) 8yk ( ) ) k' Y

converges in HQ(A%/)) for every complex number z such that |z| < p1.

Proof of Step 1. Let us denote Qo = Ag, x (—2L,2L), Q1 = A, x (—L,L). By a
slight modification of the arguments used to prove (3.1.37), we obtain

(3.1.52) [0y w72,y < (Crk*)* w72, for every k> 1,
where
(3.1.53) Cy =72)\3 (12 + i) .

p?  L?

For any ¢ € L*(A,), let
Flo) = [ wlenetalde.

By (3.1.52) and by the interpolation inequality (A.1) we obtain, for every k > 1,
(3.1.54)
C

[F® () < f(f?(k + 125w g lelZ2a,)s  for every y € (—L, L),
where C3 depends on Ay and Lp~! only. Therefore, for every k > 1,
(3.1.55)

Cs
/A |8§w(x,y)|2da3 < TC’;“(/C + 1)2<k+1)||w|\%2(Q0), for every y € (=L, L).

Let us fix k > 1 and y € (—L, L), and let us denote

(3.1.56) 9() = b()0 Pw(-yy),  in A,
(3.1.57) U(-) = 05w(-y), inA,
We have that U satisfies the equation

(3.1.58) div(kVU) = —g, in A,.

From Caccioppoli’s inequality we have

1
(3.1.59) ||VU||%2(A%0) <C (P2||9|%2(Ap) + ?”U”%?(AP)) )
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where C depends on A only. Choosing as test functions V = (n2U,,)s,, i = 1,...,n,
where 7 is a cut-off function, we obtain, by standard H>-estimates (see [GT], ch.
8]) and by (3.1.59),

1 A2 1
(3.1.60) ||D2U||2L2(A%) <cC <F + R_g> <p2|g||i2(A,,) + EIUI%z(M) ,

where C depends on A only. By (3.1.56), (3.1.57), (3.1.59) and (3.1.60) we have,
for every k > 1,

C ;
(3.1.61) [, 9okt Pde < TECHE+ 3 0l
0
Ci (1 A2 ;
3.1.62 D29k 2gp < A (2 LA ok 4 3)20643) 1,112
( ) /A£| Sw(z,y))| TS T <p2+R%> %(k +3) w200

where the constant Cy in (3.1.61) and (3.1.62) depends on Ay and Lp~! only. Fi-
nally, (3.1.55), (3.1.61) and (3.1.62) yield the convergence in HQ(A%p) of the power

series (3.1.51) in the disk D,,, where p; is given by (3.1.47). O
Let us denote, for x € A%p,

ok

Wz, z) = zo:ﬁgw(m,O)H, for z € D,,,
v(z, &) = Wiz, i), for |£| < p1.

Step 2. For every & € (—pa, p2) we have

(3.1.63) /A (b(@)v2 (. €) + KV 0(,€) - Vo(z, €))dz < / WV f(2) - Vf(2)de,
r(&)

Ap
2
where

(3.1.64) pl&) = £ = VANl

Proof of Step 2. First, let us observe that v is the solution to the following Cauchy
problem for a hyperbolic equation:

(3.1.65a) b(z)vee (w,€) — div(s(z)Vo(z,§)) =0, in As x (—p1,p1),
(3.1.65b) v(z,0) = f(z), inAg,
(3.1.65¢) ve(2,0) =0, in Ag.

We shall derive estimate (3.1.63) from an energy estimate for equation (3.1.65a).
To this aim, let us denote

mozlA (b()2 (2, €) + K(2) Vo(a, €) - Vo(x, £))da.
p(&)

Since & — v(+,€) is an analytic function from (—p1,p1) to HQ(A%), we have that
8511(-@) € H3/2(8Ap(5)) for every £ € (—p2, p2) and for every k > 1, where po is
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given by (3.1.48). Therefore, for every £ € (—pa, p2), we may write the following
equalities:

p(§)
—5 [ anf B0 K@) Vol0,8) - Vol )i

p(§&)
/ dn /dA 2)ve (2, E)vee (2, €) + £(2)Vo(x, €) - Ve (x, €))ds

VAN 2 -Vo(x s
S [, 0 + K@V ©) - Vel )

— / k(x)Vo(z,§) - vve(z, §)ds
8Ap(§)

_ @Al / (b2 (. €) + k() Vo(,€) - Volx, €)ds
A (e)

where v denotes the outer unit normal to Ap(g). We have

|6(2)Vo(a, €) - vue(a, )| < (k(2)Vo(,£) - Vo(a, )2 (k(2)r - v)'/|vg]

\/X(Ug(xaf) + H(x)vv(xvf) : V’U(LE,E))

< Yz
-2
Therefore
A
FO<D [ 0200+ K@Vl ) - Volr, O)ds
p(&)
YN 0726 + K@)V - Ve )ds
9Bp(e)
VA )\1)/ (k(2)Vo(@, ) - Vol )ds < 0.
2 A
Hence E(-) is decreasing, so that E(¢) < E(0) and (3.1.63) follows. O

Proof of Proposition 3.1.4 (Conclusion). For every z € D,, let us set

G(z) = /A (b(@)W2 (2, 2) + 5(2) VW (2, 2) - VW (z, 2))de,

and let
€2 = k(2)Vf(z)- -V f(z)dz

2
Let pj € (0,p1). By (3.1.55) and (3.1.61) we obtain
C
(3.1.66) |G(%)] < WHMH%%QO), for every z € D,y

where C depends on Ay and Lp~! only. On the other side (3.1.63) gives
(3.1.67) |G(i€)| < €2, for every £ € (—p2, p2).

P
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From (3.1.66), (3.1.67) and the analytic continuation estimate (see [Is1]) we obtain

/A (b(@)wd(z,y) + 5(z) Vul(z, ) - Volz,y))ds = Cy)

P3

lfw(y,O)
1 C )

P S ] .

ST <Lp2”w|L @+ /A RV Vf(xmx)

2

w(y,0)
(3.1.68) X </A k(z)V f(x) - Vf(:c)dx) ,

where w(y,&) is the harmonic measure of {i{ s.t. { € [-£2, 2]} with respect to

{y+i€ € Cst. y?2 + €2 = (p})?} and C depends on \p and Lp~! only. Now, let
us choose pj = 3p1, so that 22 < p| < p1. We have that w(y,0) > 8 > 0 for every
y € (—%pl, %pl), where § depends on A and A only. Therefore estimate (3.1.50)
follows by (3.1.68). O

Lemma 3.1.5. Let w be the solution to the Cauchy problem

(3.1.692)  div(k(z)Vw(z,y)) + b(@)wyy(z,y) =0, in Ag x (=V28,+v25),
(3.1.69b) w(z,0) = f(z), in Ag,

(3.1.69c¢) wy(z,0) =0, in Ag,

where k satisfies (3.1.1), b satisfies (3.1.2) and 0 is given by (3.1.32). For every
r < 61 R we have

1-3 8
(3.1.70) / wrdrdy < or? / wrdzdy / fdx |
B, B; Ap/2

where 01, 0 < 6, <1, 3,0< <1 and C > 1 depend on \y only, p = %ﬂew)\gr
and p = 2v/2p.

Proof of Lemma 3.1.5. Let us denote

0, = 3

V2(8emhg)?’

and let r be such that 0 < r < #; R. Let us choose
82

p=L= Tew)\gr

in estimate (3.1.50). This choice gives r = 3py1, where p1 is defined by (3.1.47). Let
us denote

p=2v2p,
and let us notice that p < v/26. We have
(3.1.71)

3 3
By € Apjax (=gpr1 gp1) C Doy x (=2L,2L) C By C Ag x (—V/26,/20).
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Integrating both the sides of inequality (3.1.50), we obtain, by the inclusions
(3.1.71),

(3.1.72)
1 1-#
[ 1vuPdedy < Cr (Sl + 19, ) 19712, 0

r

where C' only depends on A;. By the standard elliptic estimate (see, for instance,
[GTY)

C
n+1
p 2
where C' depends on Az, A2 and « only, and by (A.3) we obtain

(3.1.74)

Tra
1
pz/ IVf|2d$<C</ fzdfc> (/ f2dfc+—IU)||2LQ(B+)> :
Ap/2 Ap/2 Ap/2 P °

where C' depends on Az, Ay and «a only. By (A.4) and by the Caccioppoli inequality
we have

(3.1.75)

1
/ f2dx <c —/
Ap/2 PJB

where C' depends on Ay only. By (3.1.74) and (3.1.75), we have

Tra L

1 1+

(3.1.76) P’ / |Vf|2dxs0</ f%za:> (—||w|iz<3+)) :
Ap/2 Ap/2 P P

where C' depends on A\, Ay and « only. By (3.1.75) and (3.1.76), we have

(3.1.73) p1+a|Vw|a7B§ < lwllp2cps), for every ar€ (0,1),
ar

1

dexdy—l—p/ |Vw|*dzdy | < g/ widady,
B P JBf

+
3 B,
ar ar

c
2 2 2
(3.1.77) P /Ap/Q IV [Pz < ;Hwan(Bi)’

where C' depends on Az, Ay and « only. By (3.1.72), (3.1.76) and (3.1.77), we
obtain

5 -5
1 1
1. 2 < s 2 s 2
(3.1.78) /B+ VwlPdedy < Cr <r2 /Ap/Qf da:) (TB ||w|L2(B;)> ,

where C' depends on Az, Ay and « only and § = % By (A.5), (3.1.78) and
(3.1.75) we have

/ widzdy < ¢ <r/ f2dx + r2/ |Vw|2dxdy)
B A, B

B 1-38
3.1.79 <C %d L2
(3.1.79) = LT N /2f € ;HwHLz(B;) )

where C' depends on Az, Ay and « only. Choosing a = %, we obtain (3.1.70). O
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Now, let us recall the three spheres inequality for elliptic equations. To this aim,
let as assume that o(x) is a given function from the ball in R™ By with values
m x m symmetric matrices satisfying the following conditions:

(3.1.80a)
AHER < o(@)€-€ < NE?,  for every © € By and € € R™,  (ellipticity)

(3.1.80b)
lo(2') — o(z")] < RAOM' —a"|, for every a’,2" € Bi. (Lipschitz continuity)
The proof of the following Lemma 3.1.6 follows from [K] with some slight changes.
Lemma 3.1.6 (Kukavica). Let w € H'(Bp) be a solution to
(3.1.81) div(o(x)Vw(z)) =0, in BR,

where o satisfies (3.1.80). For every 0 <73 <ry < 53 < AR we have

/ w?(x)dx
B,, (0)

(3.1.82)
C v(r1,r2,73) 1=v(r1,r2,73)
<C (T—3) / w? (x)dx / w? (x)dx )
T2 By, (0) B, (0)
where
log % + 53
(3.1.83) Y(ri,re,13) = ( T2) 2/\ ,
1Og ( 2)\7"2) + Clog e

and 62, 0 < 6 < 1, depends on A only and C' > 0 depends on A and A only.

Proof of Theorem 3.1.1. For fixed to € (0,7, let us consider the function w intro-
duced above, which satisfies (3.1.45). Let r1, ro, 73 be such that

0<7r <ry < (4dmax{v2 \}) lrs <73 <OR,

with 6 = min {91, \/Qi(SR}’ where 01, 03 have been introduced in Lemma 3.1.5 and

Lemma 3.1.6 respectively and ¢ is given by (3.1.32). Let 15 = (1 — u)re + prs, where
W= ﬁ, and let a = m. We have that 0 < ar; <r; <1y <714 < 2';’2. By

applying Lemma 3.1.6 to the triplet of radii ary, rj, r3, we obtain

N ¥ 1—y'
(3.1.84) / wdrdy < C <—3) / wrdzdy / w?dzdy ,
" T2 Bar, By

where ' = v(ary,7},r3), with v defined by (3.1.83), and where C' depends on A,
and As only. Let 7o = %(rg + 14). By the Caccioppoli inequality, by (A.4) and by
the choice of y, it follows that

1 1
/ wldrdy = 5/ dexdy+§/ widxdy

1
> —/ w?dzdy + %(7“/2 - F2)2/ |Vw|?dady
2 B'Fz )\2 o
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> C(rs —12) % w?dxdy + 7o |Vw|2ddy
Ty — T3 Fo )

w?(x,0)dz = C(rz — 7'2)/ u?(z,to)dz,
A

T2 T2

(3.1.85) > C(rs — 7’2)/

A

where C' depends on Ay only. On the other hand, by applying Lemma 3.1.5 we can
estimate the integral [, w?dxdy appearing in (3.1.84), obtaining
ary

(3.1.86)

c B’Y’ 1*57/
/ w?dzdy < C <7"_3> i </ uQ(x,to)da:> (/ w2dxdy> ,
h T2 Apy By

where C' depends on A\ and A, only. Now, let us estimate |, B w?dzdy. By the
T3

definition of w, and recalling that r3 < %, we have

(3.1.87)

1 “+oo +oo 1/2
el = 5 [ lateleV P Prdn < o) ([ late e Vi)
where

w3 ([0 ) o)

By (3.1.31) and (3.1.87) we have

+oo
/ w?(x, y)dz < C*(0) / / iz, )2 eV M dady
A

T3

1\? [t
(3.1.88) < CC2(6)CINH? (T+—) [ e

ar

Since f:r(: e_‘smdu = <%, from the definition of ar and § and from (3.1.88) we
obtain

T3 T
(3.1.89) / widzdy < / / w?dxdy < CCPrsH? (—4 + 1)
B o Ja,, R

T3
where C depends on Az only. From (3.1.85), (3.1.86) and (3.1.89), choosing to €

(0,Z) in order to control the constant Cy given by (3.1.13), we obtain (3.1.7a). B

integrating (3.1.7a) over (0, %) and using the Holder inequality we obtain (3.1. 7b)
|

Theorem 3.1.1". (Three Spheres Inequalities and Three Cylinders Inequalities in
the Interior). Let u € H?'(Asr x (0,T)) be a solution to (3.1.5a) and let the
assumptions (3.1.1) — (3.1.2) be satisfied. For every ri, ro, r3 such that 0 < 1 <



510 B. CANUTO, E. ROSSET, AND S. VESSELLA

ro < (dmax{v2,X2})"'rs < r3 < 01 R, we have

/ u?(z, to)da
A

T2

) - - c T2 , 1*67/ , 5’)’/
<C — 1+— | H to)d Vtp € (0, T
- 17“3—7“2 <7“2> << i R4) ) /Arlu (2. fo)dz Vo € (0.7,

where H and ' are defined by (3.1.6) and (3.1.8) respectively, 3, 0 < 3 < 1, depends
on Ay only, C depends on Ao and Ay only, 01, 0 < 01 < 1, depends on Ay, Ao and

% only, 6, = O(to) as tg — 0, and Cy depends on Az, Ag,

o € (0, %) For every r1, r2, T3 such that 0 < r1 < 1y < (4max{v/2,\2}) 13 <

rg < égR, we have
(1—0)T
/ / (z,t)dxdt

. c > (1-o)T By
<" (Y (p(1+ L\ H / / 2z, t)dadt |
r3s — T2 T2 R4

where H, +', 3 and C are as above, 92, 0<6< 1, depends on A, Ao, o and %

R T
- and T only. Let

~ 2
only, and Csy depends on Ao, Ao, % and o only.

Proof. Let us fix tg € (0,T) and, let us denote by uj, us the weak solutions to
problem (3.1.9) and to the following problem:

(3.1.91a) b(z)ug ¢(x,t) — div(k(z)Vus(z,t)) =0, in Agsg x (0, +00),
(3.1.91b) uz =0, on dAqg x [0,+00),
(3.1.91¢c) uz =u, on Asg x {0},

respectively. We have that u = uj + ug in Agg X [0, ] and, in particular,
U(',to) :ul('7t0)+u2(',t0), in Asg.
By some slight changes in the proofs of Lemma 3.1.2 and Lemma 3.1.3, we have

that (3.1.12) — (3.1.13) and (3.1.31) — (3.1.32) continue to hold if we replace @ by
up and 4(z, 1) by

+o0 +oo
Gy (z, p) = / e My (z,t)dt = / e Mtyy (z,t)dt, for every u € R.
—o0 0

Moreover, the function wy (z,y) = 17r f:r(: eonqy (z, u) cosh /—ip ydu, defined for

r € AR, |y| < V26, with & given by (3.1.32), is a solution to the elliptic equation
(3.1.45a) and satisfies the following conditions:

wy(x,0) = ui(z,tp), in Ag,
wLy(a:, 0) = 0, in AR.

Now, let us define a continuation of us(+,tg) to a solution of the elliptic equation
(3.1.45a). Let py, pr be the eigenvalues and eigenfunctions associated to problem
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(3.1.20), respectively (as in the proof of Lemma 3.1.2), and let ay be the Fourier
coefficients

o = /AQR u(z, 0)b(x)py (z)dx.

We have
(o]
us(z,t) = Zake“’“t@k(m), in Agg x (0, +00).
k=1
Let us define
(o]
wa(z,y) = Zake”kt‘)@k(ﬂ?) coshv/[uk| ¥, In Agp X [~tov/ag,tov/ar].
k=1

We have that we € H (Asg X [—to\/ar, toy/ar)) satisfies
div(k(z)Vwsz(z,y)) + b(x)wa,yy (7, y) =0, in Agg X [~to\/ar,tor/ar],

wg(x, 0) = UQ(J?,tQ), in AQR,

QUQ,y(iL', O) = 07 in A2Ra

and moreover ws is even with respect to the variable y.
Setting § = min{+/26,t9\/ar} = CR, with C only depending on \, Ay, %, and
defining

w=w; +wy in Ap x (=6,+6),
we obtain that w € H} (Ag x (—6,9)) satisfies the following elliptic equation
div(k(z)Vw(z,y)) + b(z)wyy(z,y) =0, in Ag x (=0, +6),
and the conditions
w(z,0) = u(x,tg), in Ag,
wy(z,0) =0, in Ag.

Moreover, w is even with respect to the variable y. Let us prove that
(3.1.92) / widrdy < \N2rH?,
B

for r < min{,/arto,2R}.

We have
/ widxdy < )\1/ (/ w3 (x, y)b(a:)da:) dy
Bt 0 Asr

r 00 [e%S)
=\ / Z aiez’““to cosh? \/Wydy < )\17'20426_2\/ il (/i b0 =)
0 k=1

k=1

< )xerai = )\17'/ u?(2,0)b(x)dx < NirH?.
k=1 Azr
Now, let 71, 7o, 73 be such that 0 < 71 < 79 < (4max{\/§, APy < rg < élR,

where 6; = min {5, )\2\1/@%}, where § has been introduced in Theorem 3.1.1. By
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(3.1.92) and by noticing that estimate (3.1.89) in the proof of Theorem 3.1.1 holds
also for wy, with the same values of the constants, we obtain

T2
/ dexdy < CC’127"3H2 — +1
B R?

T3
where C depends on A2 only and C is defined by (3.1.13). From this point we can
repeat the proof of Theorem 3.1.1, obtaining (3.1.90a), with the stated dependence
of the constants. Now, let o € (0, —) and let r1, r9, 3 be such that 0 < r; < rg <

(4max{v2,Xo})"lrs < r3 < 92R with 6y = mm{f), e \/alzg} By integrating
(3.1.90a) over (0T, (1 —0)T) and using the Hélder inequality, we obtain (3.1.90Db).
O

Corollary 3.1.7. (Strong Unique Continuation on the Characteristic Planes t =
to). Let u € H>(Aggr x (0,T)) be a solution to (3.1.5a) and let (3.1.1) — (3.1.2) be
satisfied. Let to € (0,T). If, for every k € N,

(3.1.93) / u?(z,to)dr = O(r®), asr — 0,
JAVS

then

(3194) ’LL(-, to) = 07 m AQR.

Proof. Let r3 = élR, ry = %(4max{\/§, A2})71rs. Let us fix k € N. By (3.1.93) we
have, for r; small enough,

(3.1.95) R—"/A w?(z, to)dz < (%)k.

T1

By Theorem 3.1.1" and by (3.1.95) we have
5 kB~
(3.1.96) R / (z,to)dz < C'(R™H?)1=P (%) ,

where 3 and 4’ are the same of Theorem 3.1.1’ and C’ depends on on \a, Ag, RTZ
and T%to only. Passing to the limit in (3.1.96) as r; — 0, we have

(3.1.97) R / (2, to)da < C' (R~ H2)\ =97 o~Ck

where C' > 0 depends on )\2 and Ay only. Now, passing to the limit in (3.1.97) as
k — 00, we obtain

(3.1.98) R*”/ u?(z,to)dx = 0,
A

T2

so that u(-,t9) =0 in A,,. By iteration, (3.1.94) follows. O

Subsection 3.2 (Three Spheres Inequalities and Three Cylinders Inequal-
ities at the Boundary).

Theorem 3.2.1. (Three Spheres Inequalities and Three Cylinders Inequalities at
the Boundary). Let Q be a domain in R™ such that

(3.2.1) 9Q is of class CYY with constants Ry, E



QUANTITATIVE ESTIMATES OF UNIQUE CONTINUATION 513

Let u € H>1(Q x (0,T)) be a solution to

(3.2.2a) ug(x,t) — div(k(x)Vu(z, t)) =0, in Q x (0,7T],
satisfying

(3.2.2b) u(-,0) =0, on Q x {0},

(3.2.2¢) kVu-v =0, onT x[0,T],

where T is an open portion of 02 and k satisfies (3.1.1). Let xg € I' be such that
(3.2.3) d(x0, 00\ T) > Ry.

For every ri, ro, 0 <11 < 1o <219 < 0*Rp, we have

(3.2.4a)

/ u?(z,to)dx
Ay (20)NQ

-~ (Ro\© o1 o T
<C <—0) F20-67) / u?(z, to)dx ,  for every ty € (0, =),
Ay (20)N92 2

T2
(3.2.4b)
T/2 /RS g T/2 By
/ / u’drdt < C (—0) (T / / wldrdt |
0 Ay (20)NE2 T2 0 Ay, (20)NS2
where
log (% + C%)

(3.2.5a) v = —,

log (% +CI;—2°) —|—Clogcr—:2
(3.2.5b) o = p2ry + (1 — p)20* (4 max{Vv'2, \5}) Ry,
(3.2.5C) H = Sup ”u("t)HHl(QﬁARO)?

t€[0,T]
where 1, 0 < u<1,3,0<B3<1,0%0<60* <1, \,>1andC >0 depend on X,
~ 2
A and E only, and C > 1 depends on X\, A, E and % only.

Proof of Theorem 3.2.1. First, let us assume that k(zg) = Id. We fix coordinates
(2',x,) suitable for the local representation of the boundary as a graph as in Defi-
nition 2.1. Namely, we have g = 0 and

QN AR, (0) ={x € Ag,(0) s.t. m, > p(a)},
where ¢ is a 1! function on A%, (0) C R™~! satisfying
p(0) = [Ve(0)] =0
and

||<P||cl,1(A;?0(o)) < ERo.
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For the reader’s convenience, we recall the transformation flattening the boundary
introduced in [AE], see also [AIBRV]. We can construct a map ® € C*!(Ag,(0),R")
such that

(3.2.6a) (AR, (0)) € Ag,(0),
(3.2.6b) D(y',0) = (v, ¢(y)), forevery y' € A (0) CR",
(3.2.6¢) (A}, (0)) € 2N AR, (0),

1
(3.2.6d) §|y —z| < |®(y) — ®(2)| < Clly — 2|, for every y, z € Ag,(0),

1
(3.2.6e) T | det D®| < C4,

i

(3.2.6f) | det D®(y) — det DP(2)| < g—‘;|y —z|, for every y,z € Ag,(0),

where R; = 0; Ry, 0 < 0; < 1,4 = 1,2, and C}, Ch, C4, 61, 05 only depend on A, A
and E. Denoting

R(y) = | det DP(y)[(DD™H)(D(y)K (2 (1)) (D2~ (2(y)),

v(y,t) = u(®(y), 1),

we have
(3.2.7a) k(0) = Id,
(3.2.7b) Fnk(y',0)=0, fork=1,...,n—1.

Moreover, we have that the ellipticity and Lipschitz constants A, A’ of & in A;Z (0)
depend on A, A and FE only. For every y € Ag,(0), let us denote by '(y) the
symmetric matrix whose entries are given by

H;j(y,ayn) = Rij(ylv |yn|)a if either 1 < ivj <n-— ].,OI‘ { :] =n,

b (U yn) = K5 (U yn) = sen(yn) i (Y, lynl), 1<) <n—1.

We have that «’ satisfies the same ellipticity and Lipschitz continuity conditions as

R.
Denoting

Uy,t) = vy, |ynl,t), fory € Ag,(0),t € (0,T),

b(y) = |det D®(y', |yn])| for y € Ag,(0),
we have that U € H*1(Ag,(0) x (0,T)) is a solution to

(3.2.8a) b(y)Uy(y,t) — div(k'(y)VU(y,t)) =0, in Ag,(0) x (0,T),
and satisfies
(3.2.8b) U(-,0) =0, on Ag,(0).

Moreover, from (3.2.6d) we have that
(3.2.9a) QNA,0) CP(AF(0) C QN Ae,(0), for every r < Ro.
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(3.2.9b) A;f/q (0) c @ 12N A,(0) C AF (0), for every r < Ry.

L x _ (4max{v2,0,}) 7106, il s .

et us set 0* = 1 , where 6 has been introduced in Theorem 3.1.1
and X, = max{\,C%,2"}. Let r1, ro be such that 0 < 7 < 79 < 219 < 6*Rg. By
the choice made of 6*, we can apply (3.1.7a)-(3.1.7b) to U for the triplet of radii s; =
g_li’ o = 29, 53 = 282 = 20*(4max{v/2, \,})Ry. By simple changes of variables
in the integrals we obtain (3.2.4) — (3.2.5). In the general case k(zg) # Id, we can
Sk(x)ST

|det S| 7
we have &(xg) = Id (here, as above, we identify o = 0). We have that, under such
a transformation, the modified coefficient &, the transformed domain S(€) and
the transformed boundary portion S(I') satisfy assumptions analogous to (3.1.1),
(3.2.1) and (3.2.3) with constants which are dominated by the a priori constants
A, A, Ry, E, up to multiplicative factors which only depend on A. Moreover,
H= supyeo,7) || (WS~ ()|l a1 (s(2nag,)) 18 dominated by H up to a multiplicative
factor which only depends on A. We also have that the ellipsoids S(A,(xq)) satisfy

A
VX

consider a linear transformation S : R™ — R™ such that, setting £(Sz) =

(z0) C S(Ar(w0)) C A 5, (w0), for every r > 0.

Therefore, by a change of variables, using the result just proved when x(xg) = Id,
the thesis follows. O

Theorem 3.2.1'. (Three Spheres Inequalities and Three Cylinders Inequalities at
the Boundary). Let the hypotheses of Theorem 3.2.1, except (3.2.2b), be satisfied.
For every r1, ro such that 0 < 11 < ry < 219 < 0*Ry, we have

(3.2.10a)
/ u?(z, to)dx
ATQ (x())ﬁQ

C By
~ R, _ =
<y (—O> H2(=57) / u?(z,to)dx ,  for every to € (0,T),
A-,I(Io)mﬂ

where ' is given by (3.2.5a)-(3.2.5b), H is given by (3.2.5¢), 3, 0< B <1, N, > 1

and C > 0 depend on X\, A and E only, 6%, 0 < 8* < 1, depends on \, A, E and
~ 2

;—% only, 0 = O(ty) as to — 0, and Cy depends on A\, A, E, % and T%to

Let o € (0, %) For every r1, ro such that 0 <1y <19 < 219 < éRo, we have

(1—o)T
/ / u?(z, t)dadt
oT Agy (10)NQ

- /Ry (1-0)T Cal
(3.2.10b) <y ( ) (TH*)? / / (z,t)dzdt ,
T2 Io

where H, ~', B and C are as above, 9, 0<6 <1, and Cy depend on X\, A, E, o
2
and % only.

only.

Proof. The proof follows by slight changes of the proof of Theorem 3.2.1, with

to 00,
0* 4m 2, A m S ————
= ( ax{\/— 2}) 1n{)\,2 R 1 },
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- T 9_52
=4 2,0} min —— _-,—},
(4max{+v/2,\5})"! min { NG
in the notation of the proof of Theorem 3.2.1. |

Subsection 3.3 (Stability Estimates of Continuation from Cauchy Data
on Time-like Surfaces).

Theorem 3.3.1. (Stability Estimates of Continuation from Cauchy Data on Time-
like Surfaces). Let Q2 be a domain satisfying (3.2.1). Let ¥ be an open portion of
00 satisfying

(3.3.1) NN Ag,(P1) C X,

for some Py € X. Let u € H>1(Q x (0,T)) be a solution to (3.2.2a), (3.2.2b)
satisfying

(3.3.2) lullzrs2s/a(sxory) < THRo ™ &
9 1 n—d
(3.3.3) Ry ||£ <THR,”
v H1/2,1/4(£%(0,T))

For every to € [0,T/2] we have
1-5 _

n 1
(334)  lulsto)lzaag, ey < CRF (TR [ullmaonoy) €

where Py = P, — ORyv, v denotes the outer unit normal to 2 at P1, 5, 0 <7 <1,
depends on A and A only, 8, 0 < 0 < %, depends on A and E only, C' > 1 depends

on A\, A, E and RTS only.

Proof of Theorem 3.3.1. We may assume that Rg/QTl/Qg < Jull g2.1 (% (0,1)), since,
otherwise, (3.3.4) is trivial. Let us denote

G = QN AR (P),
Yo =00NARg,(Pr),
Q= Agr,(P1) x (0,7),

QT =G x(0,7),

Q™ = (Ar,(P1)\ G) x (0,T).

Up to a rigid motion, we have

G={x=(2',z,) € AR, s.t. z, > p(2')},

Yo ={x = (2/,2,) € Ag, s.t. 7, = p(2")},
where ¢ is a C1! function on Agr, C R"~! satisfying

©(0) = [Ve(0)[ =0
and

lellcra(ar,) < ERo.
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By extension theorems in Sobolev spaces [LioM], there exists v € H**(Q*) such
that

v 0
(3.3.5a) v =u, 5‘_Z = a—:j, on X,
(3.3.5b) o]l g2 (o) < CRETe,

2
with C only depending on E and %. The function w = v —v € H>1(Q™T) satisfies
Lw=—Lv, inQ",

0
w =0, a—i’ =0, onXox(0,T),
where L denotes the operator
0-
L = Frie div(kV-).
Let us define

; [Lv inQT,
f= { 0 inQ@,
_ w inQT,
w= {O in Q.

Since w = g—ql‘j =0on Yy x (0,T), we have that w € H>*(Q) and Lw = —f in Q.
Let z € H>'(Q) be the solution to

LZ:_f_v

2|8PQ =0,

where 9p(@Q denotes the parabolic boundary of . We have that L(w — z) = 0 in
Q. By the regularity of ¢, G satisfies an interior and exterior sphere condition at
P, = 0. More precisely, setting Ry = min{%, %}Ro, P.=re,, Q, = —re,, we have
that

A(P) CG, A(Q,) CAg,\G, foreveryr<Rj.
Since L(w — 2) = 0 in A, g, (Qr) x (0,T), for every r < Ry — Ry, we can apply

(3.1.7a), making the following positions: r1 =7, 72 = 3r, r3 = 13 max{v/2, A }7.
For every r < ORg and for every to € (0,7/2) we have

ol
(3.3.6) / (0 — 2)?(z, to)de < CH*3=7) / (0 — 2)*(x, to)dx | |
Az (Qr) A (Qr)

_ _ A 0 max ,1—
where H = sup,co, 7 [|(0 — 2)( )11 (AR,), € = 26&;@%?%5” depends on A,

A and E only, with 6 introduced in Theorem 3.1.1, 4, 0 < 4 < 1, depends on \
2

only, C > 1 depends on A\, A, F and &Tl only. Since A, (P,) C A3 (Q;), choosing

r = ORy and recalling the definition of w, we have

(3.3.7) l(w = 2) (-, to)[|72(a ) = CH* 7| 2(-, o)

25y
éRO(PéRO ||L2(A§RO(Q§RO)),



518 B. CANUTO, E. ROSSET, AND S. VESSELLA

where C' depends on A, A, E and RTS only. We have

(3.3.8) 1fllz2@) = Lol L2(g+) < Cllvllg21 g+,

(3.3.9) Izl 22 @) < 1fllz2(0);

where C depends on A only. From (3.3.5b), (3.3.8), (3.3.9) and the triangle inequal-
ity we have

(3.3.10) ||QI] — 2||H2v1(Q) < CH'U,HHQJ(QX(O’T)),

2
where C' depends on E, A and % only. By using trace inequalities, we have

(3:3.11) 1@ = 2)(to)ll (ang) < CT Hl = 221,

where C' depends on F and RTS only, so that, by (3.3.10), we obtain

(3.3.12) H < CT||ufl g2 0x (0.1,

with C' depending on A, E and &Ti only. From (3.3.5b), (3.3.7) — (3.3.12) we obtain

1-5

_ n ¥ _1
(8:3.13) ll(w = 2)(t0) | 2(agp, (Pony) < € (BE) (Tl 0xory)

where C' depends on A\, A, E and RTS only. From (3.3.5b), (3.3.8), (3.3.9), (3.3.13),

the triangle inequality and trace inequalities, we have, for every ¢y € [0,T/2],

n :/ _1 17;/
(3.3.14) ||u("t0)||L2(A§RO(P§RO) <C (R02 €> (T 2 ||U||H2,1(QX(O’T))) ,

where C' depends on A, A, E and RTS only. Now (3.3.4) follows. O

4. THE INVERSE PROBLEM: THE MAIN RESULT

In this section 2 will be a bounded domain in R™, a part of which, say I (per-
haps some interior connected component of 92 or some inaccessible portion of the
exterior component of 9€2), is not known. Let A = 9Q \ I be the accessible part
of the boundary. Given a nontrivial function g on A x (0,7T), let us consider the
parabolic boundary value problem

(4.1a) ug(x, t) — div(k(z)Vu(z,t)) =0, in Q x (0,7,
(4.1b) u=0 on Qx {0},

(4.1c) kVu-v =0, onl x][0,T],

(4.1d) kVu-v=g, onAx]I[0,T],

where v denotes the exterior unit normal to €2 and & is a function from R™ with val-
ues n X n symmetric matrices satisfying Lipschitz and uniform ellipticity conditions
(see (4.8) below).

Given an open subset X of the boundary of €2 which is contained in A, we consider
the inverse problem of determining I from the knowledge of kKVu - v on ¥ x [0, 7.

i) A priori information on the domain.

Given Ry, M > 0, we assume

(4.2) Q| < MR
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Here, and in the sequel, || denotes the Lebesgue measure of Q2. We shall distinguish
two nonempty parts, A, I in 02, and we assume
(4.3) TUA=099Q, INnA=0, INA=0A=0I.

Here, interiors and boundaries are intended in the relative topology in 92. Moreover
we assume that we can select a portion ¥ within A satisfying, for some P; € ¥,

(4.4) INNAR,(P1) CX,

and also, denoting by I the portion of 90 of all z € 99 such that dist(x, I) < Ry,
(4.5) Y nrfo=g.

Regarding the regularity of 02, we assume that, given E > 0,

(4.6) Of) is of class C** with constants Ry, E.

Remark 4.1. Observe that (4.6) automatically implies a lower bound on the di-
ameter of every connected component of 9. Moreover, by combining (4.2) with
(4.6), an upper bound on the diameter of €2 can also be obtained. Note also that
(4.2), (4.6) implicitly comprise an a priori upper bound on the number of connected
components of 0.

ii) Assumptions about the boundary data.
Let us set

Ap, = {z € A s.t. dist(z,I) > Ry},

(that is: A, = 9Q\ I®). Denoting again by g the extension by 0 of the Neumann
data g appearing in problem (4.1) to St = 9Q x [0, T, we shall assume

(4.7a) g€ HY?YY(Sr), g#0,

(47b) suppg C ARO X [OaT]v
and, for a given constant F' > 0,

||9||H1/2,1/4(ST) <F

(4.7¢)
H9||L2(ST)

iii) Assumptions about the thermal conductivity k.

The thermal conductivity & is assumed to be a given function from R™ with values
n X n symmetric matrices satisfying the following conditions for given constants A,
AA>1,A>0,

(4.8a) AHER < R(x)E-€ < NEP?,  for every ,& € R™  (ellipticity),
(4.8b)  |k(z) — K(y)| < AMR;‘U', for every x,y € R™ (Lipschitz continuity).
0
Ry

In the sequel, we shall refer to the set of constants A\, A, E, M
priori data.

, 7+, 'y as the a
Theorem 4.1. Let 1, Qo be two domains satisfying (4.2), (4.6). Let A;, I;, i =

1,2, be the corresponding accessible and inaccessible parts of their boundaries. Let
us assume that Ay = A = A, Qy, Qs lie on the same side of A, and that (4.3)—(4.5)
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are satisfied by both pairs A;, I;. Let u; € H>1(; x (0,T)) be the solution to (4.1)
when Q@ =Q;, i =1,2, and let (4.7) and (4.8) be satisfied. If, given € > 0, we have

1

(4.9) ur — us||z2mx0ry) < TZRy? e,

then we have

n-3

(4.10) dr(Q1,0) < Row <&> ,
H9||H1/2v1/4(sT)

where w is an increasing continuous function on [0,00) which satisfies

(4.11) w(t) < Cllogt|™ B,  for every t <1,

and C', B are positive constants only depending on the a priori data.

Here dy denotes the Hausdorfl distance between bounded closed sets of R™.

5. PROOF OF THEOREM 4.1

Here and in the sequel we shall denote by G the connected component of €23 M€
such that ¥ C G.
The proof of Theorem 4.1 is obtained from the following sequence of propositions.

Proposition 5.1. (Three Cylinders Inequalities in the Interior). Let Q be a do-
main satisfying (4.2), such that OQ is of class CY'' with constants Ry, E. Let
u€ H*Y(Qx (0,T)) be the solution to (4.1), where g satisfies (4.7a) and k satisfies
(4.8). For every p > 0 and every zo € Q,, we have

T/2 R c
/ / u?(z, t)dzdt < C p <£>
0 Ay (z0) p—T2 \T2
By’

T2 1-8v T/2
51) x (RS <1+—> gl* 11 ) / / u?(x, t)dzdt ,
o1 ( ) Wl s AT

for every r1, ro such that 0 < r1 <1y < Op, where

10g (% + (4max2{£,)\})9p)

(5.2a) v = ,
(4max{Vv2,2})0 27
1Og (% + 2{)\7’5 - p) + ClOg a:12
4N -2 1
2 - 4 2
(5.2b) 5 4)\_17“24—4)\_1( max{v/2, \})8p,
3
5.2¢ a=—",
( ) 4/ 2em A

where 3, 0 < < 1, depends on X only, 6, 0 < 0 < 1, and C > 0 depend on X and
~ 2
A only, and C > 1 depends on X\, A, E and % only.

Proposition 5.2. (Three Cylinders Inequalities at the Boundary). Let Q be a
domain satisfying (4.2) and (4.6). Let us assume that the accessible and inaccessible
parts A, I of its boundary satisfy (4.3) — (4.5). Let u € H>1(Q2 x (0,T)) be the
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solution to (4.1) and let (4.7) and (4.8) be satisfied. Let xo € I. For every ri, ra,
0<r <ry<2rs <0*Ry, we have

T/2
/ / u?(z, t)dzdt
0 Ary (0)NQ
B’

- (Ro\ [ . 1-p5' T/2
(5.3) g(J(—) (R8|g||21‘1 ) / / 2(z t)dzdt |
79 H?2'4(Sr) 0 Ay (20)NQ

where
log (% + C?—;)
(5.4a) v = —,
log (% +C§—2°) —|—Clogcr—:2
(5.4b) o = p2ry + (1 — p)20* (4 max{Vv'2, A2 }) Ry,

where 1, 0 < <1, 3,0< 3 <1,0% 0<60* <1, and C > 0 depend on \, A and
~ 2
E only, and C > 1 depends on \, A, E and % only.

Proposition 5.3. (Stability Estimate of Continuation from Cauchy Data). Let
the hypotheses of Theorem 4.1 be satisfied. We have

(5.5)

T/2 RyZ Tie
| et < Rl sy | e ) i=1.2
0 Q\G ||9HH1/2:1/4(ST)

where w is an increasing continuous function on [0,00) which satisfies

(5.6) w(t) < C(log|logt])~*/™, for every t < e !,

and C > 0 depends on A\, A, E, M and RTS only.

Proposition 5.4. (Improved Stability Estimate of Continuation from Cauchy
Data). Let the hypotheses of Proposition 5.8 hold and, in addition, let us assume
that there exist L > 0 and ro, 0 < rg < Ry, such that OG is of Lipschitz class with
constants ro, L. Then (5.5) holds with w given by

(5.7) w(t) < C|logt| P, for every t <1,
where B > 0 and C > 0 depend only on X\, A, E, M, RTg, L and Ry/ro.

Proposition 5.5. (Stability Estimate of Continuation from the Interior). Let Q
be a domain in R™ satisfying (4.2), such that O is of class C11 with constants Ry,
E. Letu € H*Y(Q x (0,T)) be the solution to (4.1), where g satisfies (4.7a), (4.7c)
and K satisfies (4.8). For every p > 0 and every xzo € Q,, we have

T/2 [
(5.8) /0 /B ( )uzdxdt > CR8||QH§{1/2,1/4(5T)7
p(Zo

where C > 0 depends on \, A, E, M, %217 F and Ro/p only.

At this stage, we recall the notion of modified distance introduced in [AIBRV].
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Definition 5.1. The modified distance between 1 and €5 is the number

(5.9) dm (21, Q2) = max{ sup dist(x,Q2), sup dist(z,Q4)}.
zed 2€0Qs

Notice that we obviously have
(510) dm(le Q2) < dH(Qla QQ);

but, in general, d,, does not dominate the Hausdorff distance, and indeed it does
not satisfy the axioms of a distance function. This is made clear by the following
example: ; = A1(0), Q2 = A1(0) \ Ay/2(0). In this case d,, (21, Q22) = 0, whereas
dy(Q1,Q0) =1/2.

The proof of the following proposition is given in [AIBRV].

Proposition 5.6 (Geometric Lemma). Let Q1, Qo be bounded domains satisfying

(4.6). There exist numbers dy, 19, do > 0, 0 < rg < Ry, for which the ratios %—%,
To

o only depend on E, such that if we have
(5.11) d3(Q1,2) < do,
then the following facts hold:
i) There exists an absolute constant C' > 0 such that
(5.12) dy(Q1,Q2) < Cdm (Q1,Q2).

i) Any connected component G of Q1 N Qo has boundary of Lipschitz class with
constants ro, L, where rog is as above and L > 0 only depends on E.

Proof of Theorem 4.1. Let us denote, for brevity, d = dy (Q1,Q2), dm = dp (21, Q2)
the modified distance defined by (5.9).
Let us prove that if 7 > 0 is such that

T/2
(5.13) / / u(z, t)dadt <n, i=1,2,
0 Q\G
then
K
(5.14) dm < CRy | =— " :
Ro||9HH1/2,1/4(sT)

K
(5.15) d§CRg<; d ) :

Rg”ﬂ”ip/m/zx(sﬂ

where C' > 0 and K > 0 depend on A\, A, E, M, RTg and F only. First, let us prove

(5.14). We may assume, with no loss of generality, that there exists xg € I; C 9
such that dist(x,Q2) = dy,. By (5.13) we have

T/2
(5.16) / / uf (z,t)dxdt <.
0 Q1 ﬂAdm (z0)

rI‘WO cases may occur:
D) dy, > & fe,
1) d,, < &L,
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where 6* has been introduced in Proposition 5.2.

If case 1) occurs, let d = %, Z = x9 — 1+ E2dv, where v denotes the
outer unit normal to €27 at xyp. We have that
(517) AJ({E) c QAM(QJ()).

2

By (5.8) of Proposition 5.5 and by (5.17) we have
T/2
(5.18) / / u%(m,t)dxdt > CR%HQH?{l/ll/‘l(ST)’
0 Q1NA px gy (z0)
2

where C' > 0 depends on A\, A, E, M, RTg and F only. On the other hand, it is
evident that

(5.19) dm < CRo,
with C depending on F and M ounly, so that, from (5.16), (5.18), (5.19), and from

dpm > 0 2P°° , we obtain

1/3
(5.20) dm < CRy < 1 ) ,

RSHQH%{MMM(ST)

where C' depends on A\, A, E, M, RTS and I only.

If case IT) occurs, let us apply (5.3b) of Proposition 5.2 with 71 = d,,, ro =
obtaining, by (5.16),

(5.21)

0" Ro
PR

T/2 n By
/ / ’U,%(J?,t)dl‘dt < CR(3)H9||?—[1/2,1/4(ST) R3|| H2 )
0 Q1NA gx g, (T0) ollg H1/2.1/4(Sr)
2

R2
T

where C' depends on A\, A, E and -2 only and, moreover,

= C
(5.22) A ———
IOg o
with C depending only on A, A and E, since d,,, < 9*2120. It is not restrictive to
assume that n < RS”gHip/mM(sT)v since otherwise (5.14) becomes trivial. Hence,

from (5.18), (5.21) and (5.22) we have

C
lug&,l ~
(5.23) < U ) ">

RS||9H§{1/2,1/4(3T)

where C' depends on A\, A and F only and C depends on \, A, E, M, RTg and F'
only. Therefore (5.14) follows.

In order to prove (5.15), let us assume, with no loss of generality, that there
exists yo € Q; such that dist(yo, Q2) = d. Let us notice that in general yo need not
belong to 9 (see the example below Definition 5.1). Denoting h = dist(yo, 91),
let us distinguish the following three cases:

) h<g,

i) h >4, h>

i) h> g, h <
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where dj is the number introduced in Proposition 5.6.

If case i) occurs, taking zop € 9€Q; such that |yo — 20| = h, we have that
dist(z0,Q2) > d — h > £, so that d < 2d,, and (5.15) follows from (5.14).

If case ii) occurs, let us set

d 6d
(5.24) dy = min { 5 40 } ,
where 6, 0 < # < 1, has been introduced in Proposition 5.1. We have that
(5.25) Ag, (o) C 0\ Qa,
(5.26) Avao (y0) C .

By applying (5.1b) of Proposition 5.1 with r; = dy, 7o = 0d0 , and using (5.13) and
(5.25), we have

(5.27)

T/2 . B’
[ [ e < CRlgl s, ( 7 ,
Aedo (y0) ||gHH1/2 1/4(Sr)

where C' depends on A, A, E and % only; and, moreover,

(5.28) A

10g a

where C depends on A, A and FE only. By (5.26) we may apply (5.8) of Proposition
5.5, obtaining by (5.27), (5.28),

K
(5.29) dy < CRy ( - ) ,

R8|‘9||H1/2,1/4(5T)

Whereé’>0andK>Odepend on \, A, E, M, R—g and F only.

Let 7 = (490‘110%) R3llgl3. e, 14(Sp)" If n <7, then d; < 0d07 so that d = 2d;
and (5.15) follows from (5.29). If, otherwise, n > 7, then (5.15) follows trivially,
like what we did in (5.19).

If case iii) occurs, then d < dy and Proposition 5.6 applies, so that by (5.12) and
(5.14) we again obtain (5.15).

Hence, by Proposition 5.3, we obtain

1 "2_ T3e
0g
H9||H1/2 1/4(Sp)

where C' > 0 and K > 0 depend on A\, A, E, M, TS and F only. Thus we have
obtained a stability estimate of log-log type. Next, by (5.30), we can find ¢ > 0,

depending only on A\, A, E, M, &21 and F, such that if € < ¢ then d < dy. Therefore,
by Proposition 5.6, G satlsﬁes the hypotheses of Proposmon 5.4. Hence in (5.15) we

(5.30) d < CR, < log

n

R, T2€
”9”H1/2,1/4(ST)

Proposition 5.4 (a modulus of continuity of log type), and obtain (4.10)—(4.11). O

may replace n by R0H9||H1/2,1/4(5T)W >, where w is given by (5.7) of
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6. PROOFS OF PROPOSITIONS 5.1-5.5

Proof of Proposition 5.1. The thesis follows from (3.1.7b) of Theorem 3.1.1, with
R=1%r3= OR, 6 = (4 max{V/2, )\2})’1%, from the trace inequality

C
(6.1) H? < THuH%{ll(Qx(O,T))v
where C' depends on E only, and from the estimate (see [LSU])

(6.2) ||U||%1211(Q><(0,T)) < CR%||9||§11/2,1/4(5T)7

where C' depends on F and A only. O

Proof of Proposition 5.2. The thesis follows from (3.2.4b) of Theorem 3.2.1, from
the trace inequality

- C
(6.3) H? < f”u“?rill(Qx(O,T))v
where C depends on E only, and from (6.2). O

Proof of Proposition 5.3. Let us denote, for i = 1,2,

U = {x € Q; s.t. dist(z, Ag,) < r}.
It is clear that

Ui =uUs =U", for every r < Ry.

From regularity estimates for solutions to parabolic equations satisfying homoge-
neous Neumann conditions, we have that u; € C1@(Q; \ UR/8 x [0,T)), i = 1,2,
and u; —uz € CH*(Q1 N Qe x [0,7T]) for every a € (0,1). Since the value of the
exponent « is not relevant to our purposes, let us choose o« = 1/2, obtaining

n—3

(6.4) y < CT™ 3Ry 7 |lgllazisscsy) fori=1,2,

||ui||cl’1/2(WX[O,T

n—

_1, —n=3
(6.5) lur = w2l vz @mmas cpon < CT 2Ry 2 |lgllarzaracsy),

where C' > 0 depends on \, A, £, M and RTS only. Now, in order to apply Theorem

3.3.1tou = u; —ug in G, let us estimate |u1 — ual|gs/23/4(nx(0,1)) in terms of
llur — uz||2(=x(0,r)) and of the a priori data. The functions u, u; and wus satisfy
the equation

ug(x,t) — div(s(x)Vu(z,t)) =0, in G x (0,T],
and the homogeneous boundary conditions
u=0, onG x {0},
kVu-v =0, onAx]|0,T]
Hence we may apply the local boundedness estimate (see [LSU]), obtaining
_3 —n=3
(6.6a) el Loo@imorsxo,my) < CT 2Ry * [lgllgrr2sa(s,),

n

_5 —n=3
(6.6b) ||utt||L°°(L{R0/8><(O,T)) <CT™ 2R, * ||g||H1/2:1/4(ST)7
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where C' depends on A\, A, F and RTS only. We may think at u(-,t) as a solution to
the elliptic problem

div(k(z)Vu(z,t)) = u(x,t), inG,
kVu(x,t)-v =0, on A,
and, similarly, we may think at u.(-,¢) as a solution to the elliptic problem
div(k(z)Vu(z,t)) = uy(z,t), in G,
kVui(z,t)-v =0, on A.

By LP regularlty estimates (see [GT]), by (6.6), by trace inequalities and by the

immersion of W “UP g g2-1p for p > 2, we have

tS[l(l)PT] (Il )l zr2=1/0(sy + Tlue )l gz—10(s)) < CT ™2 Rollgll raresasy)s
€lo,

for any p > 2, where C depends on A\, A, F and %ﬁ only. Therefore
(6.7) llull groor2(sx0,1)) < CR0||9HH1/2)1/4(ST)a
with « =2—1/p > 3/2, where C depends on A\, A, E and o only By interpolation

we have
(6.8) l[ull gr3/2.5/4 (2% (0.1 < Cllull 17! a/2(5% (0, T))Hu"%z(ZX(O,T))v
where 6 is given by (1 —0)a = 3/2 (see [LioM]). By (4.9), (6.7) and (6.8), choosing

p = 4 we have

1/7

T1/2R(n_3)/26

(6.9) [ull gs/2.5/4 (2 x 0,1y) < CRollgl grrzara(sy) <|g||H/°—/(S) ,
’ T

where C depends on A\, A, F and Zo only By applying Theorem 3.3.1 to u and by
(6.2), we have

R

1—
z ||9HH1/2:1/4(S ) =7
(6.10) ||u("t0)HL2(A§RO(P2)) < CR02 (W v/ ;

where P, = P, — ORyv, v denotes the outer unit normal to Q at Py, 7 0<y <1,
has been introduced in Theorem 3.3.1 and depends on A and A only, 9 0<0<1,

depends on A and E only, C' > 1 depends on A, A, E and TS only.
Let us prove (5.5) — (5.6) when i = 1, the case i = 2 being analogous. Let

r < ORy. Let V;. be the connected component of €2, ,. M {2y, whose closure contains
{z € Q s.t. dist(x,¥) = r}. We have

D \G [\ ) \GlU [\ V],
a(Ql,r \ ‘/;”) = Fl,r U F2,r;

where I'y . is the part of boundary contained in 9€); , and I's ,- is the part contained
in 092, N AV,.. Let us notice that

(6.11a) IT;..| <CREY, i=1,2,

(6.11b) 1\ Q| <CORY ™, i=1,2,
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where C' depends on E and M only (see Lemma 2.8 in [AIRos]). We have

T/2 T/2 T/2
(6.12) / / ulddt < / / uidzdt + / / uidzdt.
Q1\G Q1\1,-)\G Q1,-\Vr

By (6.4) and (6.11b) we have

T/2 2 L5
(6.13) / /Q o Mt < O R Mo s
1 1,r

where C depends on A\, A, £, M and RTS only. By the divergence theorem, we have

1
—/ ui(z, 7)dx
2 Ja, \v,

(6.14) S/ / |(u1/@Vu1-1/)|dsdt+/ / |(u16Vuy - v)|dsdt,
0o Jry, 0 JTao,

where v(z) denotes the unit outer normal to Q; , at .

Let x € I'1 . We have that d(z,dQ,) = r and, on the other hand, that d(z,X) >
o > p since z € O, \ V. Hence, there exists y € 9Q; \  such that |y — z| =
dist(x, 0Q1) = r and moreover (kVuy - v)(y,t) = 0 for every t € [0, T], where v(y)
is the unit outer normal to ©; at y. Since

(6.15) v(z) —v(y)| < cRiO,

with C' depending only on E, and by (6.4) we have
(6.16) [(kVu1 - v)(z,t)| < C’TﬁéRa%r%||gHH1/2,1/4(ST), for every ¢ € [0, T7,

where C' depends on A\, A, E, M and RTS only.
Similarly, given = € I'y ., there exists y € 09\ ¥ such that |y — x| = dist(z, Q)
= r. Since (kVuq - v)(y,t) = 0 for every t € [0,T], we have

(6.17)
|(I€V’U,1 . V)(J), t)| <C (T_%Ro_fré Hg||H1/2,1/4(ST) + |V’U,($,t)|> , VYte [O,T],

where C' depends on A\, E, M and RTS only. From (6.11) — (6.14), (6.16) — (6.17)
and (6.4) we have
T/2
/ / u?dxdt
0 \G

(6.18) < CRo 9l mr1/2.1 7405y (7“2 gl gr1/21/(5,) + Ro HVUHLw(v [0, T/2]))

where C depends on A\, A, £, M and RTS only. Let (z,1) € V, x [0,T/2] be such
that [Vu(Z,8)| = | Vull o wrx oy Since d(P2, ) = ORy and d(Py, [ U I) >
(1- é)RO > 0R,, it follows that d(Py,0G) = 6Ry > r, so that P, € V,. Let ~ be
an arc in V, joining Z to P;. Let us define {z;}, i = 1,..., s, as follows: x; = P4,
zit1 = 7(t;), where t; = max{t s. t. |y(t) — x;| = 20r} if |z; — Z| > 20r; otherwise
let i = s and stop the process. By construction, the balls Aj (x;) are pairwise
disjoint, |z;41 — x| = 20r, for i = 1,...,s — 1, lzs — Z| < 20r. Hence we have
s < S (%)n, with S depending only on A, E, and M. By iterated application
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of the three spheres inequality (3.1.7a) to u, with R = &, r = WT’
I N2

ry = 3r1, 73 = 13max{v/2, \o}71, over the chain of balls A, (z;), i = 1,...,s, and
by (6.1) — (6.2), we have

(6.19)
T2 1-7° .
e Dlscay o < € (Bo (14 57 ) Molsmsrispy ) 1uC-DITiqo,, e

where 74, 0 < 4 < 1, has been introduced in Theorem 3.3.1 and depends on A and
2
A only, C depends on A\, A, E and % only. By (6.10), we have

T2 1-5° ey
(6.20) ||u(-,7?)||%2(AT1 @) < CRo (1 + r_4> lgl3sa, vasm €
where
1L pt5e
(6.21) z— T2 RO €

H9||H1/2v1/4(sT) ’

and C depends on A, A, E and 22 only By applying (A.2) to u(-, ) in A, (z) with
a=1/2, by (6.20) and (6.5), we have

C R 3n+6 T2 3n+6 255+1
(6.22) |Vu T f)| < —0 < 7“0> <1 + 7“_4> ||gHH1/2,1/4(ST)E7(3n+6>
RO

where C' depends on A, A, F and &;1 only. From r < Ry, we have that r < CT%,
with C' depending on A\, A, F and R—g only. Therefore we can estimate

2
1+T—<C(R°) ,

r

where C' depends on A, A, E and RTS only. By substituting (6.22) in (6.18) and by
the above inequality we have

(6.23)

T/2 5 ) r 3 Ry 437:7:_160 a5l
/ /Q\G 1d$dtSCRQ||QHH1/2,1/4(ST) (R_0> +<T> (6)7(3n+s) ,

where C' depends on A\, A, E, M and RTS only.

Let i = exp {—%(Sn +6) exp (%“Ogﬂ) }, fi = min{f, exp(—[Z(3n + 6)]*)}.
We have that fi < e~!, and it depends on A\, A, E and M only. It is not restrictive
to assume that € < fi, since, otherwise, (5.5) — (5.6) become trivial. Therefore, let
€ < 1 and let

25 +1)|og5| "
-~ + og Yy
7(€) = Ro <1og ‘log €2/(7(3n+6))|> ’

Since r(¢) is increasing in (0,e~!) and since r(ji) < 7(fi) = Rof, inequality (6.23)
is applicable when r = r(€) and we obtain

e 2 300112 2/(7(3n+6)) [\ /"
(624) / / uldxdt < CROH9”H1/2,1/4(ST) <1og‘log6 /(7(3n+ ))D R
Q\G
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where C depends on A\, A, E, M and Lird only. Since € < exp(—[%(?m—l— 6))%), we

T
have that log( > —% log |log €], so that

2
7(3n+6) )

2 1 -
(6.25) log ‘log ETETe | > 3 log |log €|,

and the thesis follows. O

Proof of Proposition 5.4. Let us prove (5.5) and (5.7) when ¢ = 1, the case i = 2
being analogous. By the divergence theorem we have

1 T
(6.26) —/ u?(z, 7)dx < / / ui(kVuy - v)dsdt, for every T € [0,T].
n\G 0 Ja(\G)

Since
AU\ G) C (091 \ A) U (092 \ A) NIG)
and since kVu; -v =0 on (0Q; \ A) x [0,T], i = 1,2, we have, by (6.26) and (6.4),

/2 nit
(627) / / U%dl‘dt S CR02 ||gHH1/2,1/4(ST)HquLoo(aGX[o,T/Q]),
0 2:1\G
where ©u = u; — ug and C depends on A\, A, E, M and RTS only.
Let us introduce the following notation.
Given z e R", £ e R", |(| =1, 0 > 0, r > 0, we shall denote by

C(z,&,0,r) ={z e R" s. t. % > cosb,|r —z| <r}
T—z
the intersection of the ball A, (z) with the open cone having vertex z, axis in the
direction ¢ and width 20. Since OG is of Lipschitz class with constants rg, L,
for any z € OG there exists £ € R, || = 1, such that C(z,&,6,r9) C G, where
f = arctan %

Let (z,1) € 0G x [0,7/2] be such that |Vu(z,t)| = |Vu| p=@axo,r/2)- Let

To To éRO
1+sinf’ 3sinf’ sinb

01 = arcsin (¥> ,

A1 = min{

2

w1 :2+)\1§,

p1 = A1sinfy,

where | = 13 max{v/2,\} and 6 has been introduced in Theorem 3.3.1. We have
that A, (w1) C C(2,&,61,70), Ay, (w1) C C(2,&,0,10) C G, so that w1 € Gy, .
Moreover P, € Gy, since lp; < 9~R0, where P, has been introduced in Theorem
3.3.1, and Gy, is connected since Ip; < 7. Arguing as in the proof of Proposition

5.3, we obtain, by an iterated application of the three spheres inequality (3.1.7a),
by (6.1), (6.2) and (6.10),

(6.28) luC D22, @) < CRollgll31/2.1/4(5,) 8™
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where (51, 0 < 1 < 1, depends on A\, A, E, M, L and % only and C' depends on

2
N A E, % and If—;’ only. Let us approach Z, by constructing a sequence of balls

contained in C(Z,&,01,79). We define, for k > 2,

wp =2z + )\kgv
Ak = XAk—1,

Pk = XPk—1,
with
1 —sin 91

X= 1+siné;’

Hence pr. = x*'p1, M = XF '\, Appii(Wrp1) C Aszp (wr) C Agp, (wr) C
C(z,¢£,0,r9) C G. Denoting
d(k) = wr — 2 = pr,
we have
d(k) = x"~td(1),
with
d(1) = A (1 —sin#by).

For any r, 0 < r < d(1), let k(r) be the smallest positive integer such that d(k) < r,
that is,

s oz 75
=1 LI
|log x| |log x|

By an iterated application of the three spheres inequality (3.1.7a) over the chain of
balls Ay, (w1),.-,A,,, (Wk(r)), by (6.1), (6.2) and (6.28), we have

(6.30)

(6.29) <k(r)—1<

k(r)—1

9 9 T2 = 03,7k —1
||U'('7E)||L2(Apk(r) (i) < CRollgllzr/zasacg,y |1+ % € ;
where 7, 0 < 4 < 1, depends on A and A only and C depends on A, A, E, RTS and
f—g only. From the definition of py(,) we can estimate

T2 C
(6.31) 1+

<
i > 1)
pk(r) X4(k(7“) 1)

where C depends on A\, E, L, RTg and If—;’ only. From (6.30), (6.31) and the inter-
polation inequality (A.2) with o = 1/2 we obtain

C||9HH1/2)1/4(ST) gﬁzﬁkm—l
632 VDl o < — s
0




QUANTITATIVE ESTIMATES OF UNIQUE CONTINUATION 531

where (B2 = % and C depends on A\, A, E, L, _S and P‘S only. Let us consider

the point z. = Z +r{. We have that z. € A, (wk(r)). From (6.32) and (6.5) we
have

1 C||g||H1/2’1/4(ST) r ~52—k( r)—1
o Ve 0l s = (&) =20 )
R02 0 X 3nto

[N

where C' depends on A\, A, E, M, L, RTg and f—g’ only. Let

r(€) = d(1) |log&®| "
with
_ |logx|
~ 2llog|’
Let ji = exp(—0;5 '). We have that r(ji) = d(1) and 7(€) < d(1) for any ¢, 0 < & < ji.
It is not restrictive to assume that 0 < € < fi since, otherwise, (5.5), (5.7) become

trivial. Therefore inequality (6.33) is applicable when r = r(€). Recalling (6.27)
and (6.29), we obtain

e 2 301112 -B
o3 [ [ utdedt < ORglnas, howe|
where C' depends on A\, A, E, M, L, &;1 and f—;’ only. Therefore (5.5) and (5.7)
follow. ([l

Let us precede the proof of Proposition 5.5 with the following lemma, which
states a Caccioppoli-type inequality for solutions to parabolic equations vanishing
at time t = 0.

Lemma 6.1. Let u € H**(A, x (0,T) be a solution to (4.1a)-(4.1b), where x
satisfies (4.8a). We have

(6.35) / / Valdodt < =2y / / Wdadt,

for every 7 € [0,T] and for every s € (0,7“).

Proof of Lemma 6.1. Let n € C§°(A,) be such that n =1 on A,, |Vn| < = By
using as test function ¢ = n?u, we get

T T 1
/ / n*kVu - Vudzdt +/ / 2nukVu - Vndxdt = —/ n*u?(z, 7)dx < 0.
0 Ja, 0 Ja, 2 Ja,

Hence
AT // 7)|Vu|2dzdt
r 1/2 T 1/2
§2>\<//n2|Vu|2dxdt> (//u2|Vn|2dxdt> :
0o Ja, 0 Ja,

Finally, we have

T T 4 4.2 T
/ / |Vu|*dzdt < / / n?|Vul?dzdt < )\762/ / u?dxdt,
0 JAa, 0 JA, (r=s)?2Jo Ja,

and the thesis follows. O
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Proof of Proposition 5.5. Arguing similarly to the proof of Proposition 4.3 in
[AIBRV], we can prove the following trace inequality. Let I = 13max{/2, \}.

For every d < W and for every t € [0, T] we have

(6.36) / uZ (z,t)ds < C (d/ | Vg, (z,t)2de + l/ uz, (x,t)dx) ,
19) Q d Jo,
and, integrating (6.36) over [0,7/2],

T/2 T/2 1 T/2
(6.37) / / uZ dsdt < C d/ /|D2u|2dxdt+—/ / uZ dxdt |,
0 o0 0 Q d 0 Qa

for i =1,...,n, where C' depends on E and M only. Let p > 0 and g € Q,. Let us

denote
T/2
e = / / u?dxdt.
0 p(xO)
Let d < dy, with dy = min{ SZW’ ‘92’;, I;lo}, where 6 has been introduced in
2
Proposition 3.5. Let us notice that 5—3 depends on A\, A, FE, % and % only.

Moreover xg € Qi and €4 is connected. Let x € 4. By iterating the three
cylinders inequality (3.1.7b) with 7y = d, 7o = 3d, r3 = ld over a chain of cylinders
Ag(xg) x [0,T/2], with x, k = 1,..., Ng, points of a path in ;4 joining x to x,
and by (6.1), we obtain

T/2 ) T2 ) lf'r/Nd 9o Na
(638) /0 /A (x) u dxdt S C ((1 + ﬁ) |U’|H2v1(Q><(O,T))) € Y ,
d

where 7, 0 < 7 < 1, depends on A and A only, C depends on A, A and RTS only,

and Ng < i\)ﬂzo Let us cover ;4 with internally nonoverlapping closed cubes

{Qj}j=1,..ny, of side d/(2y/n). For every j =1,..,N}, let 27 € Q14 N Q;, so that
Q; C Agjo(xj). By Lemma 6.1 we have, for every i = 1,...,n,

T/2 Ny .1/2
/ / uiidxdt < Z/ / uiidxdt
0 Qa =170 J

T/2 T/2
(6.39) / / u2 dzdt < Nd/ / u?dxdt,
Ad/Q IJ Ad/Q(IJ)

where N/, < C};,?,

(6.37) — (6.39) we have

T/ C d  (Ro\""" _~
6.40 2dsdt < —z||ul%2a —+{= 7
o) [ | Vultasit < Gl (RO () ),

where C' depends on A\, A, M, E and &;1 only. Let

Qo = exp <—exp <% (5—;)) )> < 1.

. From
H2'1(9><(0aT))

with C depending only on M. Let o =

e?flull}
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We have that ag depends on A\, A, E, M, RTg and % only. If a < ay we choose
d = d, where
2M|log5| \/"
doy = Ro | ——————— .
wy, log | log o
Then d,, < d(a) = dp, and from (6.40) we have

T/2 C ny
©an) [ [ [VuPdsde < Gl anom Goglloga) ™
0 o0 RO

where C depends on A\, A, E, M and RTg only. If & > ap, from (6.40), using the

fact that o < 1, and replacing d by dy, we obtain

T/2 c RO\"'" a
6.42 Vaul2dsdt < —=||ul|%re =0 -,
6 [ [ vl < o () S

where C' depends on A\, A, E, M and RTS only.

Since a < =2 we have a(log |loga|)?/™ < e~2(log2)'/™, so that from (6.41) —
(6.42) we have

6.43 dsdt < —— ) Iig log 1 “im
(0:49) /0 /agg = ozoRgHuHHQ' (@x(0,1)) (do) (log [log af)

where C' depends on A\, A, E, M and Lird only. From (6.43) and from

T
(6.44) C1R8Hg||ip/z,1/4(5ﬂ < ”u”%{?vl(Qx(O,T)) < C2RSH9||§11/2,1/4(5T)7
where C1, Cy depend on A, E only, we have
C RO n+7 n
(6.45) 62 > GQRS exp <— exXp (CY_O (d_o) F2 Hg||fql/z,1/4(5T)7
where C' depends on A, A, E, M and RTS only. Therefore (5.8) follows with the
stated dependence. O

APPENDIX A. INTERPOLATION AND TRACE INEQUALITIES

Given an interval I in R, we have
1 1/2
(A1) =) < e (ML B + il Aocn )
where |I| denotes the length of the interval I.
Given a function v of class C1'! in A, C R", for every a € (0,1] we have

c natnt2
GEEeETy)
v Ccle

2c
mF2) (1Fa)
V|2 .

(A.2) Vvl Leo(a,) <

plt T

) 1/2
( =3 |Vf|2dx>
p A,
(1 0Fa) 1
<o (™ (5 re) (5
P JA, P JA

where p < p’ <2p, 0 < a <1 and C depends on « only.

(A.3) s
f2dw> ;

P
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For every p < r, we have

(A4)
A

(A.5)

P

|F(x,0)|2dx§c<%/ |F(1;,y)|2dxdy+7“/
e =p7 JBf

[ IRy,

r

Aﬁwwmew<cQ/|meWM+ﬁ/J&memw)

r r
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